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Abstract
The aim of this article is to present unifying proofs for results in geometric
quantisation with real polarisations by exploring the existence of symplectic
circle actions. It provides an extension of Rawnsley’s results on the Kostant
complex, and gives an alternative proof for Śniatycki’s and Hamilton’s theo-
rems; as well as, a partial result for the focus-focus contribution to geometric
quantisation.
1 Introduction
Geometric quantisation tries to associate a Hilbert space to a symplectic manifold
via a complex line bundle. Although it is possible to describe the canonical quan-
tisation using this language, most of the difficulties arise when one tries to mimic
this procedure for symplectic manifolds which are not naturally cotangent bundles.
Those appear in the context of reduction and are far from being artificial mathemat-
ical models.
The first difficulty is to isolate in a global way position and momentum, in order
to define wave functions from sections of a complex line bundle over the symplectic
manifold. This is done by introducing polarisations, which, roughly speaking, are
lagrangian foliations. The second issue, that will not be addressed here, is how to
define a Hilbert structure; however, all examples treated in this article have a natural
one.
Usually, the quantum phase space is constructed using global sections of the line
bundle which are flat along the polarisation. In case these global sections do not exist,
Kostant suggested to associate quantum states to elements of higher cohomology
groups, and to built the quantum phase space from these groups: by considering
cohomology with coefficients in the sheaf of flat sections.
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At least two approaches can be used to compute these cohomology groups: Čech
and de Rham. The results of Hamilton [5] and Hamilton and Miranda [6] are based on
a Čech approach, this article takes the de Rham point of view, by finding a resolution
for the sheaf. Following Kostant [12, 11], a resolution for the sheaf of flat sections
can be obtained by twisting the sheaves relative to the foliated complex induced by
the polarisation with the sheaf of flat sections.
This article follows closely Rawnsley’s ideas [11] and explores the existence of circle
actions, in the particular case of real polarisations, to provide a different proof for
the theorems of Śniatycki [12] and Hamilton [5]. The tools developed here highlight
and unravel the role played by symplectic circle actions in known results in geometric
quantisation. Not only that, this approach casts some light on a conjecture about
the contributions coming from focus-focus type of singularities.
The rest of the article is organised as follows. Section 2 introduces the basic
definitions of geometric quantisation. Section 3 summarises relevant results about
a resolution of the sheaf of flat sections. Section 4 explores the existence of circle
actions: it further develops results from [11] and it contains the main tools of this
article. Section 5 presents the important notion of Bohr-Sommerfeld leaves. In section
6 the tools developed in section 4 are used to compute the geometric quantisation
of local and semilocal models, in particular near a focus-focus singularity and fibre.
Finally, using the results of section 4 and 6, section 7 provides an alternative proof
for Śniatycki’s [12] and Hamilton’s [5] theorem.
Throughout this article and otherwise stated, all the objects considered will be
C∞; manifolds are real, Hausdorff, paracompact, and connected; C∞(V ) denotes the
set of complex-valued functions over V ; and the units are such that ~ = 1.
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2 Geometric quantisation
2.1 Prequantisation
This subsection deals with some concepts needed to define quantum states. The
first attempt was to see them as sections of a complex line bundle over the symplectic
manifold, the so-called prequantum line bundle. The other notion described here,
polarisation, is a way to define a global distinction between momentum and position.
Using an isomorphism between the Čech cohomology Hˇ2(M ;R) and de Rham
cohomology H2dR(M ;R), a closed 2-form is integral if and only if it is in the image of
the homomorphism between Hˇ2(M ;Z) and Hˇ2(M ;R):
R Hˇ2(M ;R) ←→ H2dR(M ;R)
↑ ↑
Z Hˇ2(M ;Z)
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the homomorphism between Hˇ2(M ;Z) and Hˇ2(M ;R) is induced by a homomorphism
between Z and R.
Definition 2.1. A symplectic manifold (M,ω) such that the de Rham class [ω] is
integral is called prequantisable.
Definition 2.2. A prequantum line bundle of (M,ω) is a hermitian line bundle over
M with connexion, compatible with the hermitian structure, (L,∇ω) that satisfies
curv(∇ω) = −iω.
Example 2.1. Any exact symplectic manifold satisfies [ω] = 0, in particular cotan-
gent bundles with the canonical symplectic structure. The trivial line bundle is an
example of a prequantum line bundle in this case. ♦
The following theorem (a proof can be found in [7]) provides a relation between
the above definitions:
Theorem 2.1. A symplectic manifold (M,ω) admits a prequantum line bundle (L,∇ω)
if and only if it is prequantisable.
When the symplectic manifold is exact its symplectic form belongs to the kernel
of the homomorphism Hˇ2(M ;R)→ H2dR(M ;R), and the associated prequantum line
bundles are flat hermitian line bundles. Up to bundle isomorphisms, a flat hermitian
line bundle is determined by a homomorphism between the fundamental group of M ,
π1(M), and the unitary group, U(1): the holonomy of a flat connexion.
Lemma 2.1. At a submanifold N ⊂ M where curv(∇ω)
∣∣
TN
= −idΘ, (L,∇ω)
∣∣
N
∼=
(E,∇0) ⊗ (C × N,∇Θ) with (E,∇0) being a flat hermitian line bundle over N and
curv(∇Θ) = −idΘ.
Classically, a real polarisation F is an integrable subbundle of TM (the bundle
TF) whose leaves are lagrangian submanifolds: i.e. F is a lagrangian foliation. But
due to the example below another definition is considered.
An integrable system on a symplectic manifold (M,ω) of dimension 2n is a set of
n real-valued functions, f1, . . . , fn ∈ C∞(M), satisfying df1 ∧ · · · ∧ dfn 6= 0 over an
open dense subset of M and {fj, fk}ω = 0 for all j, k. The mapping F = (f1, . . . , fn) :
M → Rn is called a moment map.
The Poisson bracket is defined by {f, g}ω = Xf (g), where Xf is the unique vector
field defined by the equation ıXfω = −df , called the hamiltonian vector field of f .
The distribution generated by the hamiltonian vector fields of the moment map is
involutive because [Xf , Xg] = X{f,g}ω . Since 0 = {fj, fk}ω = ω(Xfj , Xfk), the leaves
of the associated (possibly singular) foliation are isotropic submanifolds and they are
lagrangian at points where the functions are functionally independent. This is an
example of a generalised real polarisation —i.e. an integrable distribution on TM
whose leaves are lagrangian submanifolds, except for some singular leaves.
Definition 2.3. A real polarisation P is an integrable (in the Sussmann’s sense [13])
distribution of TM whose leaves are generically lagrangian. The complexification of
P is denoted by P and will be called polarisation.
3
The most relevant polarisation for this article is 〈Xf1, ..., Xfn〉C∞(M): the distribu-
tion of the hamiltonian vector fields Xfi of the components fi of an integrable system
F = (f1, . . . , fn) : M → R
n.
Definition 2.4. A point p ∈ M in a 2n dimensional symplectic manifold (M,ω) is
a nondegenerate singular point of Williamson type (ke, kh, kf) of an integrable system
F = (f1, . . . , fn) : M → R
n if p is a critical point of rank n − ke − kh − 2kf and,
in some symplectic system of coordinates (x1, y1, . . . , xn, yn) where ω =
n∑
i = 1
dxi ∧ dyi,
the quadratic parts of f1, . . . , fn can be written as:
hi = x
2
i + y
2
i for 1 ≤ i ≤ ke , (elliptic)
hi = xiyi for ke + 1 ≤ i ≤ ke + kh , (hyperbolic){
hi = xiyi + xi+1yi+1,
hi+1 = xiyi+1 − xi+1yi
for i = ke + kh + 2j − 1,
1 ≤ j ≤ kf
(focus-focus pair)
(1)
Example 2.2. For the simple pendulum the stable equilibrium point is an elliptic
singularity, whilst the unstable one is a hyperbolic. The spherical pendulum has a
stable equilibrium point that is a purely elliptic singularity. The unstable equilibrium
point is a focus-focus singularity. ♦
Here is an example of a real polarisation that do not come from an integrable
system.
Example 2.3. The action of S1 on S1 × S1 given by (z, x, y) 7→ (z · x, y), with
z, x, y ∈ S1, is symplectic (taking as symplectic form the area form of the torus).
Because there are no fixed points, this action cannot be hamiltonian —otherwise, one
would have a function over a compact manifold without critical points. ♦
Henceforth, (L,∇ω) will be a prequantum line bundle and P the complexification
of a real polarisation P of (M,ω).
2.2 Geometric quantisation à la Kostant
The original idea of geometric quantisation is to associate a Hilbert space to a
symplectic manifold via a prequantum line bundle and a polarisation. Usually this
is done using global flat sections of the line bundle; in case these global sections do
not exist, one can define geometric quantisation via higher cohomology groups by
considering cohomology with coefficients in the sheaf of flat sections.
The existence of global nonzero flat sections is a nontrivial matter, even when M
is not compact. Actually, Rawnsley [11] (also proposition 4.3 in this article, under
slightly different hypotheses) showed that the existence of a S1-action may be an
obstruction for the existence of nonzero global flat sections.
The cotangent bundle of the circle, endowed with the canonical symplectic struc-
ture and a polarisation induced by a circle action, provides an explicit example of the
nonexistence of nonzero global flat sections.
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Example 2.4. Consider M = R×S1 with coordinates (x, y) and ω = dx∧dy. Take
as L the trivial complex line bundle with connexion 1-form Θ = xdy, with respect to
the unitary section1 eix, and P =
〈
∂
∂y
〉
C∞(M)
.
Flat sections, s(x, y) = f(x, y)eix, satisfy[
∇ω∂
∂y
s
]
(x, y) =
(
∂f
∂y
(x, y)− ixf(x, y)
)
eix = 0 . (2)
Thus, s(x, y) = g(x)eixyeix, for some function g, and it has period 2π in y if and only
if x ∈ Z, for S1 the unity circle: flat sections are only well-defined for the set of points
with x ∈ Z. ♦
Global flat sections are, then, absent generally, and if one insists on using flat
sections as analogue for quantum states, they is forced to work with distributions
with support over Bohr-Sommerfeld leaves (definition 5.1), or deal with sheaves and
higher order cohomology groups. In this article, only the sheaf approach is treated:
as suggested by Kostant.
Definition 2.5. Let J denotes the sheaf of sections of a prequantum line bundle L
such that for each open set V ⊂ M the set J (V ) is the module, over the ring of
complex-valued functions of V which are constant along the leaves of a polarisation
P , of sections of L defined over V satisfying ∇ωXs = 0 for all vector fields X, defined
over V , of P . J is called the sheaf of flat sections.
Consider the triplet: prequantisable symplectic manifold (M,ω), prequantum line
bundle (L,∇ω), and polarisation P .
Definition 2.6. The quantisation of (M,ω, L,∇ω, P ) is given by
Q(M) =
⊕
k≥0
Hˇk(M ;J ) , (3)
where Hˇk(M ;J ) are Čech cohomology groups with values in the sheaf J . In this
case, one implicitly assumes the extra structures and calls M a quantisable manifold.
The present article can be summarised as an approach to compute and understand
the features of these cohomology groups when there is a symplectic circle action
preserving the polarisation.
Remark 2.1. Even though Q(M) is just a vector space and a priori has no Hilbert
structure, it will be called quantisation. The true quantisation shall be the completion
of the vector space Q(M), after a Hilbert structure is given, together with a Lie
algebra homomorphism (possibly defined over a smaller subset) between the Poisson
algebra of C∞(M) and operators on the Hilbert space. In spite of the problems that
may exist in order to define geometric quantisation using Q(M), the first step is to
compute this vector space.
1Sections of L can be represented by complex-valued functions over local trivialisations. When
there is an identification between a section s of the line bundle and a complex-valued function f ,
the bundle isomorphism will be omitted, for the sake of simplicity, and the equality s = f will be
used.
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Remark 2.2. Flat sections behave in a different fashion for Kähler polarisations (e.g.
for compact manifolds Q(M) is finite dimensional). This article does not deal with
this case; however, much can be found in the literature (e.g. [4, 5] and references
therein). There is another aspect of the theory that will be left aside by this article:
metaplectic correction. To imbue Hˇ0(M ;J ) ∼= {s ∈ Γ(L) ; ∇ωXs = 0 ∀ X ∈ P} with
a Hilbert structure, Kostant and Blattner [8, 1] introduced half-forms on geometric
quantisation2. Besides inducing an inner product, half-forms also make a correction to
the spectrum of the operators (Blattner, Rawnsley, Simms and Śniatycki are referred
to for this in [9, 11, 12]), this correction does not always behaves as one would like,
though (e.g. [3]).
3 Resolution approach
Following Rawnsley [11], given a prequantisable symplectic manifold (M,ω) with
polarisation P and prequantum line bundle (L,∇ω), it is possible to construct a
fine resolution for the sheaf of flat sections J . Using the results of section 4, it is
even possible to do it when P has nondegenerate singularities: this is the content of
theorems 6.3 and 6.4.
The propositions contained in this section are extensions of the results in [11]; it
is mainly an opportunity to fix notation, the replacement of a subbundle of TM by
an integrable distribution offers no obstruction and, therefore, proofs are omitted.
The set C∞(M) is a commutative C-algebra and the polarisation induced by
a integrable system is both a C∞(M)-module and a C-Lie algebra; indeed, a Lie
subalgebra of vector fields of M . The Lie algebra and C∞(M)-module structures are
compatible in such a way that (P,C∞(M),C) is an example of a Lie pseudoalgebra
(see [10] for precise definitions and a nice account for the history and, various, names
of this structure).
Definition 3.1. Let ΩkP (M) denote the space of multilinear maps
HomC∞(M)(∧
k
C∞(M)P ;C
∞(M)) ,
and SkP (L) := Ω
k
P (M) ⊗C∞(M) Γ(L). Then, ΩP
•(M) :=
⊕
k≥0
ΩkP (M) is the space of
polarised forms, and the space of line bundle valued polarised forms is SP •(L) :=⊕
k≥0
SkP (L).
The restriction of the connexion ∇ω to the polarisation,
∇ := ∇ω
∣∣
P
: Γ(L)→ Ω1P (M)⊗C∞(M) Γ(L) (4)
satisfies (by definition) the following property:
∇(fs) = dPf ⊗ s+ f∇s , (5)
2It is not clear who did what, but both Kostant and Blattner say that it has roots on a joint
work of them with Sternberg.
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for any f ∈ C∞(M) and s ∈ Γ(L).
Therefore, ∇ : S0P (L)→ S
1
P (L) and SP
•(L) has a module structure which enables
an extension of ∇ to a derivation of degree +1 on the space of line bundle valued
polarised forms, as follows: if α ∈ ΩkP (M) and β = β ⊗ s ∈ S
l
P (L),
α ∧ β = α ∧ (β ⊗ s) := (α ∧ β)⊗ s (6)
defines a left multiplication of the ring ΩP •(M) on SP •(L).
Definition 3.2. The derivation on SP •(L) is given by the degree +1 map d∇ :
SP
•(L)→ SP
•(L),
d∇(α⊗ s) := dPα⊗ s+ (−1)
kα ∧ ∇s . (7)
The exterior derivative dP is the restriction of the de Rham differential to the
directions of the polarisation. Namely, given α ∈ ΩkP (M) and Y1, . . . , Yk+1 ∈ P , it is
defined by:
dPα(Y1, . . . , Yk+1) =
k + 1∑
i = 1
(−1)i+1Yi(α(Y1, . . . , Yˆi, . . . , Yk+1)) (8)
+
∑
i < j
(−1)i+jα([Yi, Yj], Y1, . . . , Yˆi, . . . , Yˆj, . . . , Yk+1) .
Proposition 3.1. If α ∈ ΩkP (M) and β ∈ S
l
P (L), then
d∇(α ∧ β) = dPα ∧ β + (−1)
kα ∧ d∇β , (9)
and
d∇ ◦ d∇β = curv(∇ω)
∣∣
P
∧ β . (10)
Since ω = i curv(∇ω) vanishes along P , one has d∇ ◦ d∇ = 0.
Corollary 3.1. d∇ is a coboundary operator.
Corollary 3.1 implies that the restriction of the connexion ∇ω to the polarisation
defines a representation of the Lie pseudoalgebra (P,C∞(M),C) on Γ(L): i.e. a Lie
algebra representation of (P, [·, ·]
∣∣
P
) on Γ(L) compatible with their C∞(M)-module
structures.
Remark 3.1. The only property of L being used here is the existence of flat con-
nexions along P ; any complex line bundle admitting such a connexion would do, not
only a prequantum one —the results here work if metaplectic correction is included.
Thus, the associated Lie pseudoalgebra cohomology of this representation,
H•(SP
•(L)), induces a complex (at the sheaf level). If SkP (L) denotes the associated
sheaf of SkP (L), one can extend d
∇ to a homomorphism of sheaves, d∇ : SkP (L) →
Sk+1P (L). S
0
P (L)
∼= S, the sheaf of sections of the line bundle L, and J is isomor-
phic to the kernel of ∇ : S → S1P (L). For k 6= 0 and V ⊂ M any open set,
SkP (L)(V ) := HomC∞(V )(∧
k
C∞(V )P
∣∣
V
; Γ(L
∣∣
V
)).
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Definition 3.3. The Kostant complex is
0 −→ J →֒ S
∇
−→ S1P (L)
d∇
−→ · · ·
d∇
−→ SnP (L)
d∇
−→ 0 . (11)
The sheaves SkP (L) are fine: Γ(L) and Ω
k
P (M) are free modules over the ring of
functions of M , and because of that, they admit partition of unity. Hence, if one
can prove a Poincaré lemma, the abstract de Rham theorem implies that the Kostant
complex is a fine resolution for J .
There are particular situations in which a Poincaré lemma is available. This is
true3 when P is a subbundle of TM , and it can be extended to a more general setting;
this article provides Poincaré lemmata when P has nondegenerate singularities.
Theorem 3.1. The Kostant complex is a fine resolution for J when P is a subbundle
of TM , or when P is induced by an integrable system whose moment map has only
singularities of Williamson type (ke, kh, kf), with ke + kh + 2kf ≤ 12dim(M), and
either ke ≥ 1 or kf ≥ 1. Therefore, each of its cohomology groups, Hk(SP •(L)), is
isomorphic to Hˇk(M ;J ).
Proof: Theorems 6.1, 6.3, and 6.4 guarantee the existence of Poincaré lemmata,
and the abstract de Rham theorem finishes the proof. 
Analogously to the de Rham cohomology case, there exists a Mayer-Vietoris se-
quence for J . One can construct, for each pair of open subsets V and W of M , the
injective homomorphism
RV,W : S
k
P (L)(V ∪W )→ S
k
P (L)(V )⊕ S
k
P (L)(W ) (12)
defined by RV,W (ζ) = ζ
∣∣
TV
⊕ ζ
∣∣
TW
and the surjective homomorphism
RV,V ∩W − RW,V ∩W : S
k
P (L)(V )⊕ S
k
P (L)(W )→ S
k
P (L)(V ∩W ) (13)
defined by RV,V ∩W − RW,V ∩W (α ⊕ β) = α
∣∣
T (V ∩W )
− β
∣∣
T (V ∩W )
. The injectivity of
RV,W is due to the local identity property of the sheaves, whilst the surjectivity of
RV,V ∩W − RW,V ∩W comes from the existence of partitions of unity for SkP (L).
Thanks to the glueing condition of the sheaves, the image of RV,W is equal to
the kernel of RV,V ∩W −RW,V ∩W , and the long exact sequence associated to the short
exact sequences
0→ SkP (L)(V ∪W ) →֒ S
k
P (L)(V )⊕ S
k
P (L)(W )։ S
k
P (L)(V ∩W )→ 0 (14)
yields the Mayer-Vietoris sequence for the Kostant complex (or for J , applying the-
orem 3.1).
Remark 3.2. It will be said that the Mayer-Vietoris argument works if the coho-
mology groups Hk(SP •(L)) vanish when restricted to an intersection V ∩W of open
subsets of M . This means that Hk(SP •(L
∣∣
V ∪W
)) ∼= Hk(SP
•(L
∣∣
V
))⊕Hk(SP
•(L
∣∣
W
)).
As expected, the notions of interior product and Lie derivative are available for
SP
•(L). The Lie derivative can be seen as a derivation along a flow, but for that, a
nontrivial notion of pullback is needed.
3Both Śniatycki and Rawnsley attribute this to Kostant, a proof is provided in [11].
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Definition 3.4. The contraction between line bundle valued polarised forms and el-
ements of P is given by a map i : P × SP •(L) → SP •(L) that is a degree -1 map on
SP
•(L): i.e.
iX(∇s) := ∇Xs (15)
and
iXβ = iX(β ⊗ s) := (ıXβ)⊗ s (16)
hold for each X ∈ P and β = β ⊗ s ∈ SlP (L).
Proposition 3.2. If X ∈ P , α ∈ ΩkP (M) and β ∈ S
l
P (L), then iX ◦ iX = 0 and
iX(α ∧ β) = (ıXα) ∧ β + (−1)
kα ∧ iXβ . (17)
Definition 3.5. The pullback φt∗ of α⊗ s ∈ SkP (L) is defined by
φt
∗(α⊗ s) := (φ∗tα)⊗Π
−1
φt
(s ◦ φt) ; (18)
where, by the bundle automorphism property of the parallel transport, Π−1φt (s ◦ φt)
denotes the parallel transport between φt(p) and p of s through the integral curve of
the flow.
Proposition 3.3. Let X ∈ P with flow φt, α ∈ ΩkP (M) and β ∈ S
l
P (L); then,
φt
∗(α ∧ β) = (φ∗tα) ∧ φt
∗(β) , (19)
and the pullback φt∗ commutes with d∇.
Definition 3.6. The Lie derivative £∇ : P × SP •(L)→ SP •(L) is defined by:
£
∇
X(α) :=
d
dt
φt
∗α
∣∣∣
t=0
. (20)
Cartan’s magic formula holds for the Lie derivative on SP •(L), and it also com-
mutes with the pullback and exterior derivative.
Proposition 3.4. The Lie derivative £∇ commutes with the pullback φt∗ and with
the derivation d∇, and it can be characterised by
£
∇
X(α) = iX ◦ d
∇α+ d∇ ◦ iXα . (21)
4 Circle actions and homotopy operators
This section explains the construction of an almost homotopy operator for the
Kostant complex when one has a symplectic S1-action, and how this implies the
vanishing of the stalks of points with nontrivial holonomy. Most results of this section
were previously provided in [11] with slightly less general hypothesis; some proofs
automatically hold (propositions 4.1, 4.2 and 4.3), but one (lemma 4.2) had to be
adapted.
Let X ∈ P be a generator of a symplectic S1-action. If φt stands for the flow of X
at time t, it is possible to define an induced action on SkP (L) via φt
∗. The holonomy
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of the loop generated by flowing during a time 2π a point p ∈ M is an element of
U(1) and will be denoted by hol∇ω(γ)(p), and since φt+2π = φt for every t ∈ R:
φ2pi
∗(α) = φ2pi
∗(α⊗ s) = φ∗2πα⊗Π
−1
φ2pi
(s ◦ φ2π)
= α⊗ (hol∇ω(γ)
−1s) = hol∇ω(γ)
−1
α ,
and
(hol∇ω(γ)
−1 − 1)α = φ2pi
∗α− φ0
∗α =
∫ 2π
0
d
dt
(φt
∗α) dt
=
∫ 2π
0
d
ds
φt+s
∗α
∣∣∣
s=0
dt =
∫ 2π
0
d
ds
φs
∗(φt
∗α)
∣∣∣
s=0
dt
=
∫ 2π
0
£
∇
X(φt
∗α) dt
=
∫ 2π
0
(iX ◦ d
∇ + d∇ ◦ iX)(φt
∗α) dt
= iX
(∫ 2π
0
d∇(φt
∗α) dt
)
+ d∇ ◦ iX
(∫ 2π
0
φt
∗α dt
)
.
Using that the pullback commutes with the derivative (proposition 3.3), one gets from
the last equation
(hol∇ω(γ)
−1 − 1)α = iX
(∫ 2π
0
φt
∗(d∇α) dt
)
+ d∇ ◦ iX
(∫ 2π
0
φt
∗α dt
)
, (22)
which resembles the equation satisfied by a homotopy operator.
Proposition 4.1. The expression JX(α) = iX
(∫ 2π
0
φt
∗α dt
)
defines a degree −1
derivation on SP •(L).
Proof: Propositions 3.2 and 3.3 imply that JX is a derivation, and the degree
comes from the fact that iX has degree −1. 
The equation (22) implies that JX satisfies
(hol∇ω(γ)
−1 − 1)α = JX(d
∇α) + d∇JX(α) , (23)
for any α ∈ SkP (L) if k ≥ 1, whilst for k = 0 it becomes
(hol∇ω(γ)
−1 − 1)α = JX(d
∇α) , (24)
since S−1P (L) is empty and JX has degree −1.
Proposition 4.2. d∇((hol∇ω(γ)
−1−1)α) = (hol∇ω(γ)
−1−1)d∇α for any α ∈ SkP (L);
hence, hol∇ω(γ) is constant along P .
Proof: It is a direct consequence of equation (23):
d∇((hol∇ω(γ)
−1 − 1)α) = d∇[JX(d
∇α) + d∇JX(α)] = d
∇JX(d
∇α) , (25)
(hol∇ω(γ)
−1 − 1)d∇α = JX(d
∇ ◦ d∇α) + d∇JX(d
∇α) = d∇JX(d
∇α) . (26)

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Lemma 4.1. Let X be the generator of a symplectic S1-action; then,
hol∇ω(γ) = c([γ]) · e
i2πθ(X) , (27)
where θ is a particular invariant potential 1-form for ω in a neighbourhood of γ and
c ∈ Hom(π1(M);U(1)).
Proof: Weinstein’s theorem for isotropic embeddings [14] asserts that in a neigh-
bourhood N of an orbit the symplectic form is exact, ω = dθ —the potential 1-form
can be chosen to be invariant by averaging it with respect to the flow of X. Let
s ∈ Γ(C × N) be a unitary section of the trivial bundle given by lemma 2.1 which
has θ as the potential 1-form for the nonflat part of ∇ω.
Cartan’s magic formula and the invariance of θ give:
0 = £X(θ) = ıXdθ + d(ıXθ) ⇒ ıXω = −dθ(X) ; (28)
wherefore, near γ, the action is hamiltonian, and θ(X) is its hamiltonian function. In
particular, since γ is an integral curve of the hamiltonian flow, θ(γ˙(t)) is constant.
The parallel transport of a section r = fs, with f ∈ C∞(N), around the loop γ
is given by solving the equation ∇θγ˙(r) = 0, which is equivalent to
d
dt
f ◦ γ(t) = iθ(γ˙(t))f ◦ γ(t) . (29)
Indeed,
0 = ∇θγ˙(r) = γ˙(f)s− ifθ(γ˙)s (30)
and γ˙(f)
∣∣
γ(t)
= d
dt
f ◦ γ(t); thus,
[∇θγ˙(r)](γ(t)) =
(
d
dt
f ◦ γ(t)
)
s ◦ γ(t)− if ◦ γ(t)θ(γ˙(t))s ◦ γ(t) . (31)
Because θ(γ˙(t)) is constant, f ◦ γ(t) = eitθ(X) is a solution to equation (29);
therefore, if c([γ]) is the holonomy of the flat hermitian line bundle (E,∇0), then
hol∇ω(γ) = c([γ]) · e
i2πθ(X) . (32)

Remark 4.1. The set of points in M fixed by the S1-action, MS
1
, is a closed sub-
manifold ofM , and lemma 4.1 implies that critical points of hol∇ω(γ) are fixed points
of the S1-action. If the action is nontrivial, the complement of MS
1
is an open dense
subset ofM , and on this subset the action is free; thus, {hol∇ω(γ) = 1}∩(M−MS
1
) is
a codimension 1 submanifold. This means that the set of points with trivial holonomy
is a stratified submanifold, and its top dimensional strata have codimension 1.
Proposition 4.3. Supposing that (M,ω) admits a nontrivial symplectic S1-action
whose generator belongs to P , flat sections of L vanish.
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Proof: Let s ∈ Γ(L) be a flat section, ∇s = 0. By equation (24),
(hol∇ω(γ)
−1 − 1)s = 0
and the flat section vanishes on the dense set where hol∇ω(γ) 6= 1. Consequently,
there are no nonzero flat sections. 
Lemma 4.2. Supposing that (M,ω) admits a nontrivial symplectic S1-action whose
generator belongs to P , a form α ∈ SkP (L) vanishes where hol∇ω(γ) = 1 if and only
if there exists a β ∈ SkP (L) such that α = (hol∇ω(γ)
−1 − 1)β.
Proof: If α = (hol∇ω(γ)
−1−1)β it is obvious that α vanishes where hol∇ω(γ) = 1.
If the converse holds for functions on M , in any trivialising neighbourhood A with
unitary section s and coordinates (z1, . . . , z2n), the form α can be expressed by
α =
[
2n∑
j1, . . . , jk = 1
αj1,...,jk(z1, . . . , z2n)dzj1 ∧ · · · ∧ dzjk
]
⊗ s . (33)
Furthermore, α = 0 at {hol∇ω(γ) = 1} if and only if all the functions αj1,...,jk
vanish on A ∩ {hol∇ω(γ) = 1}. Hence, there exist functions βj1,...,jk such that
αj1,...,jk = (hol∇ω(γ)
−1 − 1)βj1,...,jk. The manifold M can be covered by trivialis-
ing neighbourhoods, and the local functions βj1,...,jk piece together to give the desired
β ∈ SkP (L).
Therefore, given f ∈ C∞(A) satisfying f |A∩{hol∇ω (γ)=1} = 0 one must construct a
g ∈ C∞(A) such that f = (hol∇ω(γ)
−1 − 1)g.
For points where 1 is a regular value of hol∇ω(γ), theorem 4 in [11] proves that
this expression holds for functions. On the other hand, lemma 4.1 implies that locally
hol∇ω(γ) = e
2πih for some function h.
Let A be a neighbourhood of a critical point of {hol∇ω(γ) = 1}. By shrinking A,
and possibly changing h by a constant, one can assume that only 0, and no other
integer, satisfies A ∩ h−1({0}) 6= ∅. With the aid of the flow ϕt of the vector field
−hZ, where in local coordinates around the critical point Z = h
2n∑
j = 1
zj
∂
∂zj
, one can
define a function g ∈ C∞(A):
g =
∫ ∞
0
Z(f ◦ ϕt) dt
2πi
∫ 1
0
e−2πith dt
. (34)
In fact, for h = 0 ∫ 1
0
e−2πith dt = 1 , (35)
and for h 6= 0 ∫ 1
0
e−2πith dt =
hol∇ω(γ)
−1 − 1
−2πih
. (36)
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Thus, the denominator in expression (34) never vanishes, whilst
g =
∫ ∞
0
Z(f ◦ ϕt) dt
2πi(hol∇ω(γ)
−1 − 1)/(−2πih)
=
−
∫ ∞
0
hZ(f ◦ ϕt) dt
hol∇ω(γ)
−1 − 1
=
∫ 0
∞
d
dt
f ◦ ϕt dt
hol∇ω(γ)
−1 − 1
=
f − lim
t→∞
f ◦ ϕt
hol∇ω(γ)
−1 − 1
. (37)
For any point p ∈ A the limit lim
t→∞
ϕt(p) is the critical point (which, in particular,
has trivial holonomy) and f |A∩{hol∇ω (γ)=1} = 0; consequently, f = (hol∇ω(γ)
−1 − 1)g
on A ∩ {hol∇ω(γ) 6= 1}. By continuity of f, g and density of {hol∇ω(γ) 6= 1}, this
must be true over all A. 
The next proposition is a key tool to prove that the Kostant complex is a fine
resolution, theorem 3.1, when the (singular) polarisation comes from an almost or
locally toric structure.
Proposition 4.4. Supposing that (M,ω) admits a nontrivial symplectic S1-action
whose generator belongs to P , let α ∈ SkP (L) be closed, d
∇α = 0, and k 6= 0.
• The form α is exact everywhere hol∇ω(γ) 6= 1. It is also globally exact if
JX(α) = 0 where hol∇ω(γ) = 1.
• When {hol∇ω(γ) = 1} is a (not necessarily connected) submanifold, α is exact
on M if and only if JX(α)
∣∣
T{hol∇ω (γ)=1}
is exact.
Proof: At points satisfying hol∇ω(γ) 6= 1 a (k − 1)-form β is well defined by
β =
JX(α)
hol∇ω(γ)
−1 − 1
. (38)
Proposition 4.2 and equation (23), together with the hypothesis of α being closed,
imply that d∇β = α. In other words, JX/(hol∇ω(γ)
−1 − 1) is a homotopy operator
where hol∇ω(γ) 6= 1.
For JX(α) = 0 at {hol∇ω(γ) = 1}, lemma 4.2 gives a σ ∈ Sk−1P (L) such that
JX(α) = (hol∇ω(γ)
−1 − 1)σ; therefore, β is well defined by the expression (38).
Assuming that {hol∇ω(γ) = 1} is a submanifold, one consequence of proposition
4.2 (as it was observed in [11]) is that the polarisation is tangent to it, and all
definitions make sense with M replaced by {hol∇ω(γ) = 1}.
If α = d∇β, by applying equation (23),
JX(α) = JX ◦ d
∇β = (hol∇ω(γ)
−1 − 1)d∇β − d∇ ◦ JX(β) ; (39)
and JX(α)
∣∣
T{hol∇ω (γ)=1}
is exact.
Conversely, if JX(α)
∣∣
T{hol∇ω (γ)=1}
= d∇
∣∣
T{hol∇ω (γ)=1}
ζ, taking an extension η ∈
Sk−2P (L) of ζ, the formula (JX(α) − d
∇η)
∣∣
T{hol∇ω (γ)=1}
= 0 holds and lemma 4.2
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provides a β ∈ Sk−1P (L) such that JX(α) − d
∇η = (hol∇ω(γ)
−1 − 1)β. Proposition
4.2 implies that
d∇ ◦ JX(α) = d
∇((hol∇ω(γ)
−1 − 1)β) = (hol∇ω(γ)
−1 − 1)d∇β , (40)
but equation (23) reads
d∇ ◦ JX(α) = (hol∇ω(γ)
−1 − 1)α ; (41)
thus, d∇β = α holds where hol∇ω(γ) 6= 1. Since d∇β is everywhere defined and
{hol∇ω(γ) 6= 1} is a dense set, α must be exact. 
5 The Bohr-Sommerfeld condition
The following definition plays a very important role in the computation of the
cohomology groups appearing in geometric quantisation:
Definition 5.1. A leaf ℓ of P is a Bohr-Sommerfeld leaf if there exists a nonzero
section s : ℓ→ L such that ∇ωXs = 0 for any vector field X of P restricted to ℓ.
Proposition 5.1. A leaf ℓ of P is a Bohr-Sommerfeld leaf if and only if the holonomy
is trivial, hol∇ω(γ) = 1, for any loop γ on a connected component of ℓ.
Proof: In a Bohr-Sommerfeld leaf ℓ the nonzero section s can be used to define a
potential 1-form Θ of the connexion on the whole leaf. The potential 1-form vanishes
on ℓ, since 0 = ∇ωs
∣∣
Tℓ
= −iΘ
∣∣
Tℓ
⊗ s. Thus, if γ is a loop on ℓ, by lemma 4.1,
hol∇ω(γ) = 1.
Now, supposing that hol∇ω(γ) = 1 for any loop on a connected component of a
leaf ℓ of P, for any point p ∈ ℓ and a nonzero sp ∈ Lp (the fibre of L over p) it is
possible to define a nonzero section s over ℓ by parallel transport: i.e. s(q) = Πγ1(sp),
where γ1 is any curve connecting p and q ∈ ℓ. The section is well-defined because if
γ2 is another curve connecting p and q, and γ the loop formed by composing γ2 and
γ−11 ,
s(q) = hol∇ω(γ)s(q) = Πγ(s(q)) = Πγ2 ◦ [Πγ1 ]
−1(s(q))
= Πγ2 ◦ [Πγ1 ]
−1 ◦ Πγ1(sp) = Πγ2(sp) . (42)
The parallel transport respects the hermitian product, and this guarantees that the
section defined in this way is nonzero. 
For the example 2.4, Bohr-Sommerfeld leaves are circles of integral height. Sim-
ilarly for the complex plane, endowed with the canonical symplectic structure and a
polarisation induced by a circle action.
Example 5.1. Let M = C with coordinates (x, y) and Darboux form ω = dx ∧ dy,
L = C×C the trivial bundle with connexion 1-form Θ = 1
2
(xdy− ydx), with respect
to the unitary section ei(x
2+y2), and P =
〈
−y ∂
∂x
+ x ∂
∂y
〉
C∞(C)
.
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Lemma 4.1 implies that the holonomy for a closed curve γ inside a leaf of P is
[hol∇ω(γ)](x, y) = e
i2π (x
2+y2)
2 . (43)
Therefore, by proposition 5.1, flat sections are only well-defined for the set of points
with (x
2+y2)
2
∈ Z. ♦
There is a stronger characterisation for the Bohr-Sommerfeld leaves in the case of
integrable systems: this is an application of lemma 4.1.
The preimage of a point in Rn by the moment map F : M → Rn of an integrable
system on a symplectic manifold (M,ω) of dimension 2n is a fibre of the fibration
associated with the foliation induced by the distribution generated by the hamiltonian
vector fields of the moment map: i.e. the preimage of a point by a moment map is
a union of isotropic leaves. The preimage of the origin of Rn is called the zero fibre,
and fibres which are a union of Bohr-Sommerfeld leaves are called Bohr-Sommerfeld
fibres.
Theorem 5.1. Under the assumption that the zero fibre is Bohr-Sommerfeld, the
image of Bohr-Sommerfeld fibres by a moment map is contained in Rn−k × Zk; k
being the number of linearly independent hamiltonian S1-actions generated by the
moment map.
Proof: This was proved by Guillemin and Sternberg in [4] when the fibres are
Liouville tori —their proof holds for lagrangian fibrations with compact connected
fibres over simply connected basis. Lemma 4.1 and proposition 5.1 imply that over
a Bohr-Sommerfeld fibre each component of the moment map generating a S1-action
takes an integral value, depending only on the fibre. 
Example 5.2. For toric manifolds the Bohr-Sommerfeld leaves are the inverse image
by the moment map of integer lattice points in the polytope, with regular ones inside
the polytope. ♦
6 Applications I: local and semilocal computations
6.1 The cylinder: polarisation by circles
Recalling example 2.4: (M = R × S1, ω = dx ∧ dy), L the trivial bundle
with connexion 1-form Θ = xdy, with respect to the unitary section eix, and P =〈
∂
∂y
〉
C∞(R×S1)
.
The hamiltonian vector field X = ∂
∂y
generates a S1-action, and the holonomy of
its orbits is given by [hol∇ω(γ)](x, y) = ei2πx (lemma 4.1, for S1 ∼= R/2πZ). Proposi-
tion 4.3 holds, and one gets Hˇ0(M ;J ) = {0} by applying theorem 3.1. Furthermore,
proposition 4.4 and theorem 3.1 can be applied, implying Hˇ l(V ;J
∣∣
V
) = {0}, for l ≥ 1,
for each neighbourhood V = (a, b) × S1 that does not contain a Bohr-Sommerfeld
leaf.
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Let ℓk be the inverse image by the height function of the point x = k ∈ Z.
Wherefore, ℓk ∼= S1 is a Bohr-Sommerfeld leaf and {hol∇ω(γ) = 1} =
⋃
k∈Z
ℓk.
It is possible4 to define a linear map Ψ : S1P (L)→
⊕
k∈Z
Γ(L|ℓk) by:
Ψ(α) = ⊕k∈ZJX(α)
∣∣∣
ℓk
. (44)
Because the dimension of M is 2, SlP (L) = {0} for l ≥ 2, and, for any α ∈ S
1
P (L),
equation (23) reads
∇ ◦ JX(α) = (hol∇ω(γ)
−1 − 1)α ⇒ ∇Ψ(α) = 0 . (45)
Thus, the image of Ψ is contained in the set of flat sections over Bohr-Sommerfeld
leaves.
Conversely, given ⊕k∈Zsk ∈
⊕
k∈Z
Γ(L|ℓk), where sk are flat sections (∇sk = 0),
there exists s ∈ Γ(L) such that s|ℓk = sk for each k ∈ Z: due the closedness of
⋃
k∈Z
ℓk.
Lemma 4.2 implies the existence of an α ∈ S1P (L) satisfying
∇s = (hol∇ω(γ)
−1 − 1)α ⇒
(hol∇ω(γ)
−1 − 1)JX(α) = JX(∇s) = (hol∇ω(γ)
−1 − 1)s . (46)
By density and continuity, JX(α) = s; hence, the image of Ψ is the set of flat sections
over Bohr-Sommerfeld leaves.
Proposition 4.4 asserts that kerΨ = ∇(Γ(L)), and the first isomorphism theorem
S1P (L) −→ Ψ(S
1
P (L))y ւ
S1P (L)/kerΨ
(47)
implies that Hˇ1(M ;J ) ∼=
⊕
k∈Z
C: the ring of flat sections over ℓk is isomorphic to C
(see example 2.4).
Proposition 6.1. The quantisation of a cylinder polarised by circles is Cbs, where bs
is the number of Bohr-Sommerfeld leaves.
6.2 The complex plane: polarisation by circles
Let (M = C, ω = dx ∧ dy) and F : M → R be a nondegenerate integrable
system of elliptic type, i.e. F (x, y) = x2 + y2. For this case, the polarisation is
P =
〈
−y ∂
∂x
+ x ∂
∂y
〉
c∞(C)
and the hamiltonian vector field X = −y ∂
∂x
+ x ∂
∂y
is a
generator of a S1-action —this is example 5.1, again.
As in the previous cases, (M,ω) is an exact symplectic manifold and the trivial
line bundle is a prequantum line bundle for it: L = C × C with connexion 1-form
Θ = 1
2
(xdy − ydx), with respect to the unitary section ei(x2+y2).
4This construction is due to Rawnsley [11].
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Proposition 6.2. At a sufficiently small neighbourhood of the origin of C, the coho-
mology groups Hk(SP •(L)) vanish for k ≥ 0 when P is generated by −y ∂∂x + x
∂
∂y
.
Proof: Proposition 4.3 can be applied to prove that H0(SP •(L)) = {0}.
Lemma 4.1 asserts that [hol∇ω(γ)](x, y) = eiπ(x
2+y2); as a result, the set
{hol∇ω(γ) = 1} is the union of the origin and concentric circles with R2/2 inte-
ger (R being the radius), and since the origin is a fixed point, the operator JX
is the null operator when restricted to the origin. Hence, proposition 4.4, applied
for each contractible neighbourhood of the origin that does not contain any other
Bohr-Sommerfeld leaf, implies that elliptic singularities give no contribution to quan-
tisation5, Hk(SP •(L)) = {0} for k ≥ 1. 
Rephrasing the previous proposition, theorem 3.1 holds in this particular setting.
Proposition 6.3. The quantisation of an open disk polarised by circles is Cbs , where
bs is the number of nonsingular Bohr-Sommerfeld leaves.
Proof: LetM be the complex plane; for an arbitrary open disk the same argument
works. M can be divided up into an open disk V of radius b < 1 centred at the origin,
and an annulus W centred at the origin with small radius a ∈ (0, b) and an infinite
big radius: M = V ∪W and V ∩W is an annulus with small radius a and big radius
b. Proposition 6.2 implies that Hˇk(V ;J
∣∣
V
) = {0} for all k, and proposition 6.1 gives
Hˇk(V ∩W ;J
∣∣
V ∩W
) = {0} for all k as well, since V ∩W ∼= (a, b)× S1 (polarised by
circles). Thus, the Mayer-Vietoris argument works and Hˇk(M ;J ) ∼= Hˇk(W ;J
∣∣
W
).
It happens thatW ∼= (a,∞)×S1 (polarised by circles), and proposition 6.1 concludes
the proof. 
6.3 Symplectic vector spaces: linear polarisation
All symplectic vector spaces polarised by lagrangian hyperplanes are equivalent to
this particular case, this is the local model for polarised symplectic manifolds when
the real polarisation has no singularities:
(Cn,
n∑
j = 1
dxj ∧ dyj) and polarisation
〈
∂
∂y1
, . . . ,
∂
∂yn
〉
C∞(Cn)
.
Since (Cn,
n∑
j = 1
dxj ∧ dyj) is an exact symplectic manifold, the trivial line bundle
is a prequantum line bundle for it: C × Cn with connexion 1-form
n∑
j = 1
xjdyj, with
respect to the unitary section exp
(
i
n∑
j = 1
xj
)
.
The solutions of the flat equation are complex-valued functions of the type
h(x1, . . . , xn) exp
(
i
n∑
j = 1
xjyj
)
. (48)
5This was first proved in [5] using different techniques.
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Therefore,
Hˇ0(Cn;J ) ∼= C∞(Rn) . (49)
Lemma 6.1. There always exists a local unitary flat section on each point of M for
a given regular polarisation P .
As a consequence of the existence of unitary flat sections, elements of SkP (L) which
are closed can be interpreted as closed polarised k-forms taking values on the sheaf
J .
Corollary 6.1. Let Ωk
P
be the sheaf associated to ΩkP (M); then, S
k
P (L)
∼= Ωk
P
⊗ J
and ker(d∇) ∼= ker(dP )⊗J .
Proof: By lemma 6.1, for each point onM there exists a trivialising neighbourhood
V ⊂M of L with an unitary flat section s ∈ Γ(L
∣∣
V
). If α ∈ SkP (L), it can be locally
written as α
∣∣
TV
= α ⊗ s, where α ∈ ΩkP (V ). The condition d
∇(α ⊗ s) = 0 is, then,
equivalent to dPα = 0, because d∇(α ⊗ s) = dPα ⊗ s + (−1)kα ∧ ∇s, s 6= 0 and
∇s = 0. 
The Kostant complex (11) is just the foliated complex (associated to the foliation
induced by the polarisation) twisted by the sheaf of sections S, and the exactness of
the foliated complex implies, by corollary 6.1, the exactness of the Kostant complex.
Indeed, this can be made more explicit. Using the local unitary flat section r =
exp
(
i
n∑
j = 1
xjyj
)
as basis, if α⊗ r ∈ SkP (L) is closed:
0 = d∇(α⊗ r) = dPα⊗ r + (−1)
kα ∧ ∇r = dPα⊗ r . (50)
Wherefore, Poincaré lemma for regular foliations imply that Hk(SP •(L)) = {0} for
k ≥ 1.
Theorem 6.1. At a sufficiently small neighbourhood of any point of M , the coho-
mology groups Hk(SP •(L)) vanish for k ≥ 1 when P is a subbundle of TM .
From the results of this subsection one concludes that:
Proposition 6.4. The quantisation of the cotangent bundle of Rn with linear polar-
isation is C∞(Rn).
This is by no means an example where the techniques developed in this article
are used; howbeit, this result is needed below.
6.4 Direct product type with a regular component
The following quantisation problem will be considered now: N = (−1, 1) × S1
endowed with the same structures (symplectic form, polarisation and prequantum
line bundle) of the model in subsection 6.1, and (M,ω) a prequantisable symplectic
manifold with polarisation P and prequantum line bundle (L,∇ω). The product
N × M admits P =
〈
∂
∂y
〉
C∞(N)
⊕C∞(N×M) P as a polarisation for the symplectic
form dx ∧ dy + ω, and also a prequantum line bundle (L , ∇¯dx∧dy+ω).
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The vector field ∂
∂y
generates a hamiltonian S1-action: the holonomy of its orbits
is given by hol∇¯dx∧dy+ω(γ) = ei2πx (lemma 4.1). Wherefore, proposition 4.3 can be
used to show that H0(SP•(L )) = {0}.
For the other groups one has:
Theorem 6.2. Supposing that (M,ω) is exact, ω = dθ, and both L and L trivial,
the map
Ψ : Hk(SP
•(L ))→ Hk−1(SP
•(L)) (51)
defined by Ψ([α¯]) =
[
J ∂
∂y
(α¯)
∣∣∣
{hol
∇¯dx∧dy+ω
(γ)=1}
]
is an isomorphism.
Proof: Since the product symplectic manifold, (N ×M, dx ∧ dy + ω), is exact,
there exists a unitary section s¯ ∈ Γ(L ) satisfying ∇¯s¯ = −i(xdy + θ)⊗ s¯ (lemma 2.1
with L trivial). Let α¯ = α¯ ⊗ s¯ ∈ Sk
P
(L ) and α¯ = dy ∧ β¯ + σ¯, where β¯ = ı ∂
∂y
α¯ and
σ¯ = α¯− dy ∧ β¯; thus, ı ∂
∂y
β¯ = ı ∂
∂y
σ¯ = 0.
J ∂
∂y
(α¯) =
∫ 2π
0
φ∗t β¯ ⊗ e
−itxs¯ dt =
∫ 2π
0
φ∗t β¯e
−itx dt⊗ s¯ ⇒ (52)
J ∂
∂y
(α¯)
∣∣∣
{hol
∇¯dx∧dy+ω
(γ)=1}
= η ⊗ s¯|x=0 , (53)
where η =
∫ 2π
0
φ∗t β¯e
−itx dt
∣∣∣
{x=0}
. The flow of ∂
∂y
preserves η; therefore, η ∈ Ωk−1P (M).
For closed α¯,
d∇¯ ◦J ∂
∂y
(α¯) = (hol∇¯dx∧dy+ω(γ)
−1−1)α¯ ⇒ d∇¯ ◦J ∂
∂y
(α¯)
∣∣∣
{hol
∇¯dx∧dy+ω
(γ)=1}
= 0 . (54)
By construction, ∇¯ ∂
∂y
s¯ = −ixs¯ and ∇¯ ∂
∂y
s¯|x=0 = 0; wherefore, for each point
p ∈ M , s¯|x=0 is uniquely determined by its value at (0, 0, p) ∈ N ×M by parallel
transport along integral curves of ∂
∂y
. This means that s¯|x=0 identifies itself as a
section of L: the restriction of L to {(0, 0)}×M is a trivial line bundle over M with
a connexion such that its curvature is equal to ω; consequently, it must be isomorphic
to L.
To summarise it, after some identifications, J ∂
∂y
(·)
∣∣∣
{hol
∇¯dx∧dy+ω
(γ)=1}
maps closed
k-forms of SP•(L ) to closed (k−1)-forms of SP •(L), and proposition 4.4 proves that
Ψ is injective —the set {hol∇¯dx∧dy+ω(γ) = 1} is equal to {0} × S1 ×M .
Now, given r ∈ Γ(L) a unitary section, let r¯ ∈ Γ(L ) be an extension of the
following section defined on {x = 0}: after identifying L
∣∣
{(0,0)}×M
with L, for each
point p ∈M , the parallel transport of r(p) by the integral curve of ∂
∂y
passing through
p defines a section of L over the set {x = 0}.
Due to the inclusion Ωk−1P (M) ⊂ Ω
k−1
P
(N ×M), the expression ζ¯ = ζ ⊗ r¯ defines
an element in Sk−1
P
(L ) for any [ζ ⊗ r] ∈ Hk−1(SP •(L)).
The form d∇¯ζ¯
∣∣
{hol
∇¯dx∧dy+ω
(γ)=1}
is completely determined by d∇(ζ⊗r), via parallel
transport (which commutes with the derivation). And because d∇(ζ⊗ r) = 0, lemma
4.2 provides an α¯ ∈ Sk
P
(L ) such that d∇¯ζ¯ = (hol∇¯dx∧dy+ω(γ)
−1 − 1)α¯. Hence,
0 = d∇¯ ◦ d∇¯ζ¯ = (hol∇¯dx∧dy+ω(γ)
−1 − 1)d∇¯α¯ , (55)
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implying that α¯ is closed over the dense set {x 6= 0}, and, by continuity, α¯ is closed.
As consequence of ı ∂
∂y
ζ being zero, J ∂
∂y
(ζ¯) = 0 and equation (23) reads
(hol∇¯dx∧dy+ω(γ)
−1 − 1)ζ¯ = J ∂
∂y
◦ d∇¯ζ¯ = J ∂
∂y
((hol∇¯dx∧dy+ω(γ)
−1 − 1)α¯)
= (hol∇¯dx∧dy+ω(γ)
−1 − 1)J ∂
∂y
(α¯) , (56)
which implies J ∂
∂y
(α¯) = ζ¯ where x 6= 0; and by density and continuity, it must hold
true everywhere. This proves that Ψ is onto. 
The theorem still holds if N is replaced by (a, b)× S1 with (a, b) ∩ Z = {k}. For
(a, b)∩Z = ∅, propositions 4.3 and 4.4 assert that all cohomology groupsH l(SP•(L ))
vanish: the quantisation of the product is trivial when there is no Bohr-Sommerfeld
leaf.
By a Mayer-Vietoris argument, similar to the one described above (subsection
6.2), one can compute the product quantisation for (a, b) ∩ Z = {k1, . . . , kbs}. It
suffices to take the cover A = {Aj}j∈{1,...,bs}, where A1 = (a, k1 + 3/4) ×M , Abs =
(kbs−3/4, b)×M and Aj = (kj−3/4, kj+3/4)×M (supposing k1 ≤ k2 ≤ · · · ≤ kbs).
Corollary 6.2. Assuming that the Kostant complex is a fine resolution for the sheaf
of flat sections of L, the quantisation of the product between a cylinder polarised by
circles and an arbitrary exact symplectic manifold M is a direct sum of bs copies
of Q(M): where bs is the number of Bohr-Sommerfeld leaves with respect to the
quantisation of the cylinder.
6.5 Direct product type with an elliptic component
The quantisation problem to be considered here is: N = {(x, y) ∈ C ; x2+y2 < 1}
endowed with the same structures (symplectic form, polarisation and prequantum
line bundle) of the model in subsection 6.2, and (M,ω) a prequantisable symplectic
manifold with real polarisation P and prequantum line bundle (L,∇ω). The product
N × M admits P =
〈
−y ∂
∂x
+ x ∂
∂y
〉
C∞(N)
⊕C∞(N×M) P as a polarisation for the
symplectic form dx ∧ dy + ω, and also a prequantum line bundle (L , ∇¯dx∧dy+ω).
Lemma 6.2. The cohomology groups Hk(SP•(L )) vanish for k ≥ 0 in the particular
case described in this subsection.
Proof: The group H0(SP•(L )) is trivial because X = −y ∂∂x + x
∂
∂y
generates
a hamiltonian S1-action; wherefore, proposition 4.3 holds. Whilst for higher order
groups, one needs to note that the set {hol∇¯dx∧dy+ω(γ) = 1} is equal to {(0, 0)} ×M
(lemma 4.1 gives hol∇¯dx∧dy+ω(γ) = eiπ(x
2+y2)), and that (0, 0, p) are fixed points for any
p ∈ M ; thus, the operator JX is the null operator when restricted to {(0, 0)} ×M .
Therefore, by applying proposition 4.4, Hk(SP•(L )) = {0} for k ≥ 1. 
By a Mayer-Vietoris argument similar to the ones used in subsections 6.2 and 6.4,
one has:
Proposition 6.5. Assuming that the Kostant complex is a fine resolution for the sheaf
of flat sections of a prequantum line bundle of (M,ω), the quantisation of the product
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between an open disk polarised by circles and an arbitrary exact symplectic manifold
M is a direct sum of bs copies of Q(M): where bs is the number of nonsingular
Bohr-Sommerfeld leaves with respect to the quantisation of the open disk.
The following theorem is the Poincaré lemma for singularities of elliptic type.
Theorem 6.3. Assuming that p ∈M is a nondegenerate critical point of Williamson
type (ke, kh, kf), with ke ≥ 1 and ke+kh+2kf ≤ n (it does not need to be a rank zero
critical point, but it has to have an elliptic component), for an integrable system F :
M → Rn on a prequantisable symplectic manifold (M,ω), with polarisation induced
by the moment map: the cohomology groups Hk(SP •(L)) vanish for k ≥ 0 in a
sufficiently small neighbourhood of p.
Proof: The normal form theorem of Eliasson, Miranda and Zung for nondegenerate
singularities of integrable systems (see [2] and references therein for details) says that
the model near a critical point of that type is exactly the one of lemma 6.2: as long as
ke ≥ 1, along one of the elliptic directions a neighbourhood of p splits into a product
as the model of lemma 6.2. 
6.6 Focus-focus singularities
Let F = (f1, f2) : M → R2 be an integrable system on a prequantasible (M,ω),
with a rank zero nondegenerate critical point of Williamson type (0, 0, kf). Near the
singular point, f2 generates, via its hamiltonian vector field flow, a hamiltonian S1-
action —Zung [16] demonstrated that this action is defined semilocally, i.e. near a
neighbourhood of a focus-focus singular fibre.
In a small enough neighbourhood W of a singular point of a focus-focus fibre, JX
is the null operator over the points where {hol∇ω(γ) = 1}. Indeed, the symplectic
local model (provided in [15, 16] and attributed to Eliasson, Lerman and Umanskiy,
and Vey) is given by, W ∼= C2 with coordinates (x1, x2, y,1 , y2), L|W ∼= C × C2 with
connexion 1-form
Θ =
1
2
(x1dy1 − y1dx1 + x2dy2 − y2dx2) , (57)
with respect to the unitary section s = ei(x1y1+x2y2+x1y2−x2y1).
The integrable system takes the form
F (x1, x2, y1, y2) = (x1y1 + x2y2, x1y2 − x2y1) , (58)
and, therefore, the polarisation is generated by
X1 = −x1
∂
∂x1
− x2
∂
∂x2
+ y1
∂
∂y1
+ y2
∂
∂y2
(59)
and
X2 = x2
∂
∂x1
− x1
∂
∂x2
+ y2
∂
∂y1
− y1
∂
∂y2
. (60)
The hamiltonian vector field X2 is the generator of the S1-action. Its periodic
flow is given by:
φt(x1, x2, y1, y2) = (x1 cos t+x2 sin t, x2 cos t−x1 sin t, y1 cos t+y2 sin t, y2 cos t−y1 sin t) .
(61)
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By lemma 4.1, the holonomy of its orbits is
[hol∇ω(γ)](x1, x2, y1, y2) = e
i2π(x1y2−x2y1) . (62)
Now, given any α ∈ S1P |W (L|W ), using the unitary section s, it can be written as
α = α⊗ s = (α1dx1 + α2dx2 + α3dy1 + α4dy2)⊗ s (63)
and
ıX2φ
∗
tα|(x1,x2,y1,y2) = [α(γ˙(t))] ◦ φt(x1, x2, y1, y2)
= α1 ◦ φt(x1, x2, y1, y2)(−x1 sin t+ x2 cos t)
+α2 ◦ φt(x1, x2, y1, y2)(−x2 sin t− x1 cos t)
+α3 ◦ φt(x1, x2, y1, y2)(−y1 sin t+ y2 cos t)
+α4 ◦ φt(x1, x2, y1, y2)(−y2 sin t− y1 cos t) . (64)
Therefore, using
A(t, p) = x2α1 ◦ φt(p)− x1α2 ◦ φt(p) + y2α3 ◦ φt(p)− y1α4 ◦ φt(p) (65)
and
B(t, p) = x1α1 ◦ φt(p) + x2α2 ◦ φt(p) + y1α3 ◦ φt(p) + y2α4 ◦ φt(p) , (66)
the expression JX(α) at a point p = (x1, x2, y1, y2) near the singular point is:
[JX(α)] (p) =
(∫ 2π
0
A(t, p)e−it(x1y2−x2y1) cos t dt
−
∫ 2π
0
B(t, p)e−it(x1y2−x2y1) sin t dt
)
s . (67)
The following upper bound proves that the expression above is zero over the set
{(x1, x2, y1, y2) ∈ C
2; x1y2 − x2y1 = 0} (the points where hol∇ω(γ) = 1):
|JX(α)| ≤
∣∣∣∣ max
t∈[0,2π]
A(t, p)
∣∣∣∣
∣∣∣∣
∫ 2π
0
e−it(x1y2−x2y1) cos t dt
∣∣∣∣
+
∣∣∣∣ max
t∈[0,2π]
B(t, p)
∣∣∣∣
∣∣∣∣
∫ 2π
0
e−it(x1y2−x2y1) sin t dt
∣∣∣∣
=
∣∣∣∣ max
t∈[0,2π]
A(t, p)
∣∣∣∣
∣∣∣∣(x1y2 − x2y1)(e−i2π(x1y2−x2y1) − 1)(x1y2 − x2y1)2 − 1
∣∣∣∣
+
∣∣∣∣ max
t∈[0,2π]
B(t, p)
∣∣∣∣
∣∣∣∣e−i2π(x1y2−x2y1) − 1(x1y2 − x2y1)2 − 1
∣∣∣∣ . (68)
The proof of lemma 6.2 works verbatim if N is replaced by the local model W
describe here. Hence, this can be interpreted as a proof of the Poincaré lemma needed
for the proof of theorem 3.1 when the real distribution has focus-focus singularities.
Theorem 6.4. If p ∈ M is a nondegenerate critical point of Williamson type
(ke, kh, kf), with kf ≥ 1 and ke + kh + 2kf ≤ n (it does not need to be a rank zero
critical point, but it has to have a focus-focus component), for an integrable system
F : M → Rn on a prequantisable symplectic manifold (M,ω), with polarisation in-
duced by the moment map: the cohomology groups Hk(SP •(L)) vanish for k ≥ 0 in a
sufficiently small neighbourhood of p.
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6.7 Neighbourhood of a Liouville fibre
The Liouville theorem for integrable systems provides a symplectic normal form
for a neighbourhood of a regular fibre. What follows is the computation of the
quantisation of that model.
LetM = Rn×(Rn−k×Tk) and 0 ≤ k ≤ n, where Tk ∼= Rk/2πZk, with coordinates
(x1, . . . , xn, y1, . . . , yn−k, . . . , yn) and symplectic form ω =
n∑
j = 1
dxj ∧ dyj . It admits
as a polarisation P =
〈
∂
∂y1
, . . . , ∂
∂yn
〉
C∞(M)
, and since (M,ω) is an exact symplectic
manifold, it also admits as a prequantum line bundle L = C ×M with connexion
1-form Θ =
n∑
j = 1
xjdyj, with respect to the unitary section exp
(
i
n∑
j = 1
xj
)
.
The next lemma computes the contributions to geometric quantisation for each
trivialising neighbourhood of a lagrangian fibre bundle.
Lemma 6.3. Hk+l(SP
•(L)) = {0} for all l 6= 0 and
Hk(SP
•(L)) ∼=


⊕
m∈Zk
C∞(Rn−k) , if k 6= n⊕
m∈Zk
C , if k = n
. (69)
Proof: Supposing k 6= n, when M is written as (R × S1)k × Cn−k it becomes
clear that the use of theorem 6.2 (more precisely, corollary 6.2) k times reduces the
problem of computing the quantisation of M to the computation of the quantisation
of Cn−k: which by proposition 6.4 is just C∞(Rn−k). If k = n, one just need to apply
theorem 6.2 n− 1 times, and, then, proposition 6.1 to conclude. 
6.8 Neighbourhood of an elliptic fibre
Toric, or locally toric, manifolds also have a normal form for a neighbourhood of
its fibres, even if they are singular: Zung [15] attributes this normal form to Dufour
and Molino, and Eliasson. The model and its quantisation are described below.
For 0 ≤ k ≤ n, let (M = Rn+k × Tn−k, ω =
n∑
j = 1
dxj ∧ dyj), with coordinates
(x1, . . . , xn, y1, . . . , yk, . . . , yn), and F : M → Rn be a nondegenerate integrable sys-
tem of elliptic type, i.e.
F (x1, . . . , xn, y1, . . . , yn) = (x
2
1 + y
2
1, . . . , x
2
k + y
2
k, xk+1, . . . , xn) . (70)
The polarisation in this case is
P =
〈
−y1
∂
∂x1
+ x1
∂
∂y1
, . . . ,−yk
∂
∂xk
+ xk
∂
∂yk
,
∂
∂yk+1
, . . . ,
∂
∂yn
〉
C∞(M)
, (71)
and since (M,ω) is an exact symplectic manifold, it also admits as a prequantum line
bundle L = C×M with connexion 1-form Θ = 1
2
k∑
j = 1
(xjdyj − yjdxj) +
n∑
j = k + 1
xjdyj,
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with respect to the unitary section
exp
(
i
k∑
j = 1
(x2j + y
2
j ) + i
n∑
j = k + 1
xj
)
.
Proposition 6.6. Q(M) ∼= Cbs, where bs is the number of nonsingular Bohr-Sommerfeld
fibres.
Proof: One can first use proposition 6.5 k times, corollary 6.2 n − k − 1 times,
and, finally, proposition 6.1. 
It is important to notice that, if the case of bs = 0 (x21 + y
2
1, . . . , x
2
k + y
2
k < 1) was
considered, the previous proof would give that all cohomology groups vanish when
k 6= 0. This implies, as a corollary, that Bohr-Sommerfeld fibres of elliptic type give
no contribution to geometric quantisation.
6.9 Focus-focus contribution to geometric quantisation
Let F = (f1, f2) : M → R2 be an integrable system on a prequantasible (M,ω),
with a nondegenerate focus-focus singular fibre ℓff which is Bohr-Sommerfeld. In
[16] it is demonstrated the existence of a neighbourhood of ℓff over which f2 is a
moment map for a hamiltonian S1-action. And proposition 4.3 asserts that there are
no nonzero flat sections near a nondegenerate focus-focus singular fibre.
Corollary 6.3. In the neighbourhood of ℓff over which a hamiltonian S1-action is
defined, there exists a neighbourhood V containing only ℓff as a Bohr-Sommerfeld
fibre such that Hˇ0(V ;J
∣∣
V
) = {0}.
Concerning how focus-focus fibres behave under geometric quantisation, this par-
tially answers a conjecture raised by Hamilton and Miranda: stating that there is no
contribution coming from focus-focus singularities to geometric quantisation.
Believing that the conjecture is true, one could try to use proposition 4.4 to prove
it for the neighbourhood V . The first obstacle is that {hol∇ω(γ) = 1} is not a
submanifold, and one needs to prove that JX is the null operator over the points
where {hol∇ω(γ) = 1} (which, looking at the proof of theorem 6.4, seems to be the
case). Another approach would be to prove only the exactness of JX and check out
convergence over the singular points of {hol∇ω(γ) = 1}.
7 Applications II: global computations
7.1 Lagrangian fibre bundles
In [12] Śniatycki studies the case when the polarisation is a lagrangian fibration.
He uses a resolution for the sheaf and proves the vanishing of the groups Hˇ l(M ;J ),
for l 6= k: k being the rank of the fundamental group of a fibre.
Theorem 7.1 (Śniatycki). If the base space N is a manifold and the natural projec-
tion F : M → N is a lagrangian fibration, then Q(M) = Hˇk(M ;J ), and Hˇk(M ;J ) ∼=
Hˇ0(ℓBS;J |ℓBS), where ℓBS ⊂M is the union of all Bohr-Sommerfeld fibres.
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A slightly different proof of his theorem is given here when k 6= 0. When k = 0
there is no symplectic circle action and the techniques presented in chapter 4 are of
no use; wherefore, apart from the presentation, the proof is the same as the original
one and is omitted.
Any atlas of the base space satisfies that the projection F : M → N on each open
set V of the atlas is a moment map. Assuming dim(M) = 2n, if χ : V → Rn is a
coordinate system over V , F := χ ◦ F
∣∣
F−1(V )
: F−1(V )→ Rn is an integrable system
because each fj := prj ◦ F is constant along the fibres of F , dfj = 0 along them. In
other words, dfj annihilates vector fields tangent to the fibres and the hamiltonian
vector fields of the others fj ’s are, indeed, tangent to the fibres: {fi, fj}ω = 0.
The open sets F−1(V ) are just the model in lemma 6.3 with a fixed number of
Bohr-Sommerfeld fibres; thus, the quantisation of it is just a sum of copies of C, or
C∞(Rn−k), depending on the value of k, for each Bohr-Sommerfeld fibre.
Assuming that k 6= 0, so that theorem 5.1 can be used, the atlas can —and it
will— be chosen in such a way that no Bohr-Sommerfeld fibre is contained in more
than one of the open sets F−1(V ). In particular, if V and W are two open sets of
the atlas such that V ∩ W 6= ∅, then F−1(V ) ∩ F−1(W ) has no Bohr-Sommerfeld
fibre. Proposition 5.1 implies that one of the periodic hamiltonian vector fields of the
components of F has orbits with nontrivial holonomy over F−1(V ) ∩ F−1(W ); thus,
by proposition 4.4, its quantisation is just the trivial vector space {0}. This means
that a Mayer-Vietoris argument works for the cover {F−1(V )} ofM , and this finishes
the proof for k 6= 0.
Remark 7.1. Śniatycki works with the prequantum line bundle twisted by a bundle
of half forms normal to the polarisation, and here the result is presented for the
nontwisted prequantum line bundle. As it was mentioned before, the techniques
used here apply to any complex line bundle admitting a flat connexion along the
polarisation: the only difference being that the Bohr-Sommerfeld fibres may not be
the same.
Example 7.1. The Kodaira-Thurston manifold is an example of a lagrangian bundle
(there is a description of it in [5]). Moreover, it is a symplectic manifold which is
not Kähler: it gives at least one reason for developing a trully symplectic geometric
quantisation apparatus. ♦
7.2 Locally toric manifolds
Hamilton [5] has shown, via Čech approach, that Śniatycki’s theorem holds for
locally toric manifolds and that the elliptic fibres give no contribution to the quanti-
sation.
Theorem 7.2 (Hamilton). For M a 2n-dimensional compact symplectic manifold
equipped with a locally toric singular lagrangian fibration:
Q(M) = Hˇn(M ;J ) ∼=
⊕
p∈BSr
C , (72)
BSr being the set of the regular Bohr-Sommerfeld fibres.
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Remark 7.2. Regarding metaplectic correction, contrary to Śniatycki’s, Hamilton’s
result does not include a twisted prequantum line bundle. Using the framework
described in this article, it is straightforward to twist the prequantum line bundle by
a bundle of half forms normal to the polarisation and achieve the same result —only
noticing that the Bohr-Sommerfeld fibres may not be the same.
The previous reasoning used for the fibre bundle case works in this singular setting.
This provides a proof for Hamilton’s theorem via a de Rham approach.
A locally toric singular lagrangian fibration on a symplectic manifold (M,ω) is a
surjective map F : M → N , where N is a topological space such that for every point
in N there exist an open neighbourhood V and a homeomorphism χ : V → U ⊂ {z ∈
Rk ; z ≥ 0} ×Rn−k satisfying that (F−1(V ), ω
∣∣
F−1(V )
, χ ◦ F
∣∣
F−1(V )
) is an integrable
system symplectomorphic to an open subset of the model of proposition 6.6.
Hence, by definition, the open sets F−1(V ) are just the model in proposition
6.6 with a fixed number of Bohr-Sommerfeld fibres; thus, the quantisation of it is
just a sum of copies of C, or {0}, depending on the fibre dimension, for each Bohr-
Sommerfeld fibre.
Choosing an open cover for N in such a way that no Bohr-Sommerfeld fibre is
contained in more than one of the open sets F−1(V ) (theorem 5.1 allows one to make
this choice), if V and W are two open sets of the atlas such that V ∩W 6= ∅, then
F−1(V )∩F−1(W ) has no Bohr-Sommerfeld fibre. Proposition 5.1 implies that one of
the periodic hamiltonian vector fields of the components of the integrable system has
orbits with nontrivial holonomy over F−1(V ) ∩ F−1(W ); wherefore, by proposition
4.4, its quantisation is just the trivial vector space {0}. This means that a Mayer-
Vietoris argument works for the cover {F−1(V )} of M , and this finishes the proof.
7.3 Almost toric manifolds
As it was seen from the quantisation of lagrangian fibrations and locally toric
manifolds, quantisation of neighbourhoods of Bohr-Sommerfeld fibres computes the
quantisation of the whole manifold. Consequently, if one knows how to compute
the higher cohomology groups for a neighbourhood of a focus-focus fibre, one is able
to compute the quantisation for the almost toric case using the factorisation tools
(corollary 6.2 and proposition 6.5) and proceeding like the lagrangian bundle and
locally toric cases.
For example, if M is a 4-dimensional compact almost toric manifold, BSr and
BSff are the image of the regular, respectively focus-focus, Bohr-Sommerfeld fibres by
the moment map, and V neighbourhoods of focus-focus fibres admitting a hamiltonian
S1-action:
Q(M) ∼=
(⊕
p∈BSr
C
)
⊕

 ⊕
p∈BSff
Hˇ1(V ;J
∣∣
V
)⊕ Hˇ2(V ;J
∣∣
V
)

 . (73)
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